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ABSTRACT: The performance of Free Space 
Optical (FSO) systems reduces due to the presence 
of turbulence and misalignment effects. In this 
paper, we investigate the error control coding 
schemes as a candidate solution to mitigate 
turbulence and misalignment induced fadings 
over free space optical links. we have investigated 
for first time the error performance for coded on-
off keying (OOK) optical wireless communication 
systems assuming intensity modulation/direct 
detection(IM/DD) represented by strong 
turbulence and pointing error effects. Specifically, 
we consider various combinations of channels 
assuming the existence of turbulence and/or 
pointing error effects and derive exact 
mathematical expressions for the pairwise error 
probability (PEP). By using this expressions upper 
bounds on the bit error rate (BER) are obtain 
using the transfer function technique. Then we 
calculate the error performance by using the pulse 
position modulation with different fading 
channels. 

Keywords - Free space optical communications, 
atmospheric turbulence channel, pairwise error 
probability, error performance analysis.  

I. INTRODUCTION 
  
Research in the field of FSO communication has 
grown exponentially since 1970 and a large number 
of commercial products based on FSO technology are 
now readily available. FSO is proposed as a 
complementary technology to the RF technology. It 
offers an unregulated bandwidth in excess of 
terahertz technology and very high speeds, which 
makes this an extremely attractive means of meeting 
the ever increasing demand for broadband traffic, 
mostly driven by the last mile access network and 
high definition television broad casting services [1]. 
Between the transmitter and receiver the optical 

wireless signals are attenuated and are subject to 
atmospheric turbulence. Alignment between 
transmitter and receiver, is the another issue affecting 
the performance. Usually FSO systems are installed 
on high buildings, building sway causes vibrations in 
the transmitted beam leading to misalignment 
(pointing error (PE) effects) between the transmitter 
and receiver [2]. 
 To satisfy the typical bit error rate targets for 
reliable communications within the practical ranges 
of signal to noise ratio, error control coding has been 
employed. In [3], Zhu and Khan studied the 
performance of coded FSO links assuming a log-
normal channel model for atmospheric turbulence. 
Specifically, they derived an approximate upper 
bound on the PEP for a coded FSO communication 
system with intensity modulation/direct detection and 
provided upper bound on the BER using the transfer 
function technique. Although log normal distribution 
is the most widely used model for the probability 
density function of the irradiance due to its 
simplicity, this pdf model is only applicable to weak 
turbulence conditions. Interleaved convolutional 
coding was also used in [4]. In [5], [6], [7], and [8], 
Uysal and Li used the same assumptions as in [3], 
and used this turbulence model to evaluate the 
performance of coded FSO systems in terms of the 
PEP with negative exponential(NE), K, I-K, and 
gamma-gamma channels, respectively. Turbo codes 
have been used in [9] and [10] as well. In the former, 
Ohtsuki proposed a turbo- coded atmospheric optical 
subcarrier phase shift keying system and a turbo- 
coded atmospheric optical pulse position modulation 
system and obtained upper bounds on the BER for 
maximum likelihood decoding. Finally in [11], the 
authors examined the performance of low density 
parity check (LDPC) codes for a gamma-gamma FSO 
channel.
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 In this paper we propose an error control coding 
for calculating the performance of the system. The 
error control coding is also said to be two-folded 
code. By using this kind of coding we can calculate 
the error rate performance over a wide range of 
transmission and also we calculate the performance 
for various turbulence models. We use K and NE 
distributions for characterizing the turbulence models 
and misalignment fading is characterized by a 
distribution proposed in [12]. We consider several 
channel types and derive exact mathematical 
expressions for the pairwise error probability 
(PEP).These expressions are applied to obtain upper 
bounds on the bit error rate (BER) performance using 
the transfer function technique. Finally, analyse the 
error performance using 4-PPM modulation 
technique for Lognormal and Rayleigh fading 
channels. 

 
II. SYSTEM AND CHANNEL MODEL 

A. System model 
We consider a single- input single-output (SISO) 
FSO system using IM/DD with OOK, which is 
widely deployed in commercial systems.FSO system, 
contains a transmitter with modulator and a light 
source as laser or LED, telescope, optical beams and 
receiver with photodiode and demodulator. The 
receiver SNR is limited by short noise caused by 
either ambient light or the signal itself. This noise can 
be modelled as additive white Gaussian noise 
(AWGN). The statistical channel model is then given 
as  
                         y(t)=ηIx(t)+n(t)                               (1)  
 Where I denotes the received normalized irradiance, 
x(t) is the modulated OOK signal either 0 or 1, n(t) is 
the AWGN with zero mean and noise power N଴ ;  
independent of whether the received bit is off or on. 
In (1), η represents the effective photo current ratio of 
the receiver and is expressed by 

                          η = q ୣ஛
୦౦ୡ

                                     (2)                                                                                                  

Where q is the quantum efficiency of the photo 
receiver, e the electron charge,  λ is the signal 
wavelength, plank's constant and c is the speed of 
light. 
 The power of electromagnetic radiation per 
unit area incident on a surface is called irradiance. It 
is subject to either strong atmospheric turbulence 

conditions and/or pointing error effects. Here we 
consider irradiance is a product of two random 
variables i.e., I=IୟI୮ , where	Iୟ is the attenuation due 
to atmospheric turbulence and I୮  is the attenuation 
due to pointing errors. 
 
B. Channel models 
1) Turbulence Channel Models: Understanding of the 
statistical distribution of the received irradiance in the 
atmospheric turbulence is necessary to predict the 
reliability of an optical system operating in such an 
environment. Several mathematical models for the 
random fading irradiance signals have been 
developed. Log-normal distribution is the most 
widely used channel model, however its applicability 
is mainly restricted to weak turbulence conditions. As 
the strength of the turbulence increases, K or NE 
distributions are used. The pdf of the K distribution is 
given by [1] 
 

	f୍౗(Iୟ) = ଶα
αశభ
మ

Γ(α)
Iୟ

αషభ
మ kαିଵ(2ඥαIୟ), Iୟ > 0                (3) 

 
Where α is a channel parameter related to the 
effective number of discrete scatters,	Γ(∙) is the well 
known Gamma function [14, eq. (8.310.1)], and k୴(∙) 
is the vth order modified Bessel function of the 
second kind defined in [14, eq. (8.432)]. The pdf of 
NE distribution is derived from (3) when α → ∞.NE 
model is the limiting case of K distribution [1].The 
pdf of irradiance is given by 
 
                  	f୍	౗(Iୟ) = exp(−Iୟ) , Iୟ > 0                  (4) 
In the Lognormal model the pdf of the path gain is 
 

                  	f୍౗(Iୟ) = ଵ
√ଶπσ୍౗

expቀ− (୪୬୍౗ିµ)మ

ଶσమ
ቁ          (5) 

Where the parameter µ and σ satisfy the relation 
µ = −σଶ.The pdf for Rayleigh fading channel is 
given below 
                      f୍౗(Iୟ) = 2Iୟexp	(−Iୟ

ଶ)                    (6)                        
 

2) Misalignment Fading Model: In line-of-sight 
communication links, pointing accuracy is an 
important issue in determining link performance and 
reliability. However, wind loads and thermal 
expansions result in random building sways, which, 
in turn, cause misalignment errors and signal fadings 
at the receiver [12]. In this section, we derive a new 
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statistical model for pointing errors loss due to 
misalignment, which considers the beam waist 
radius, w୸, distance between the transmitter and 
receiver is z, circular aperture of radius r and jitter 
variance σୱଶ. Then the pdf of I୮  is given by 
 

            f୍౦൫I୮൯ = γమ

୅బ
γమ I୮γ

మିଵ,			0 ≤ I୮ ≤ A଴              (7) 

Where 	γ =
୵౰౛౧

ଶσ౩
 is the ratio between the equivalent 

beam radius at the receiver and jitter at the 

receiver,	w୸౛౧
ଶ = ୵౰

మ√π ୣ୰୤(υ)
ଶ୴ୣ୶୮(ିυమ)

, υ = √π୰
√ଶ୵౰

, A଴ =

[erf(υ)]ଶ and erf(∙) is the error function 
[14,eq.(8.250.1)]. From now on, we refer to (7) as the 
PE model. 
 
3) Combined Fading Models: The combined pdf of 
irradiance I, is derived using the formula [12] 
 

              ூ݂(ூ) = ∫݂ ಺
಺ೌ
ቀ ூ
ூೌ
ቁ ூ݂ೌ                          ௔                       (8)ܫ݀(௔ܫ)

Where ݂ ಺
಺ೌ

 is the conditional probability (௔ܫ/ܫ)

given	ܫ௔ state and is expressed by 
 

         		݂ ಺
಺ೌ
ቀ ூ
ூೌ
ቁ = ఊమ

஺బ
ംమ ூೌ

ቀ ூ
ூೌ
ቁ
ఊమିଵ

, 0 ≤ ܫ ≤                                      ௔       (9)ܫ଴ܣ

A closed form expression of the combined pdf 
when	ܫ௔ follows K distribution was derived in [16] as 
 

            ூ݂(ܫ) = ఈఊమ

஺బ௰(ఈ)
ଵ,ଷܩ
ଷ,଴ ቂ ఈ

஺బ
ଵାఊమ,ఈିଵ,଴ି|ܫ
ఊమ ቃ         (10)                           

Where ܩ௣,௤
௠,௡[∙]	is the Meijer’s G-function, defined in 

[14, eq. (9.301)]. 
If ܫ௔ follows NE distribution, a closed form 
expression is obtained by substituting (9) and (4) in 
(8). Then equation (8) becomes 

 	 ூ݂(ܫ) = ఊమ

஺బ
ംమ ܫ

ఊమିଵ ∫ ௔ܫ
ିఊమ∞

ூ/஺బ
exp(−ܫ௔)݀ܫ௔           

(11)                         
And a solution can be found using [14, eq. (3.351.2)] 
as 

           ூ݂(ܫ) = ఊమ

஺బ
ംమ ܫ

ఊమିଵ1)߁− ,ଶߛ                                            ଴)              (12)ܣ/ܫ

Where ߁(. , . ) is the upper incomplete Gamma 
function defined in [14,eq.(8.350.2)].An equivalent 
expression can be found if we express the 
exponential integrand of (11) in terms of the Meijer’s 

G-function [17,eq. (11)] and use [14,eq. (9.31.2)] and 
[14, eq. (7.811.3)] as 
 

                     ூ݂(ܫ) = ఊమ

஺బ
ଵ,ଶܩ
ଶ,଴ ቂ ூ

஺బ
|ఊమିଵ,଴
ఊమ ቃ                (13)  

 
III.ERROR PERFORMANCE 

A.PEP derivation 
For code design, PEP used as the main criterion and 
is the basic method for compute union bounds for 
coded systems [13]. This represents the probability of 
choosing the coded sequence ෠ܺ = ,ଵෞݔ) … , ேෞݔ  ) when 
X=(ݔଵ, …  ே)is transmitted [5]. Assuming theݔ,
assumptions in [3], i.e., OOK transmission and ML 
soft decoding, the conditional PEP subject to fading 
coefficients ܫ = ,ଵܫ) …  ெ) is given byܫ
 

              ܲ൫ܺ, ෠ܺ/ܫ൯ = ܳ ൬ට
ாೞ
ଶேబ

∑ ௞ଶ௞∈Ωܫ ൰               (14)                                     

Where Q(∙) is the Gaussian Q function,	ܧ௦ is the total 
transmitted energy and Ω is the error event.From 
Uysal and Li methodology [8], we define SNR as 
ߤ = /௦ܧ ଴ܰ and using the alternative form for 
Gaussian Q function [13], then  
                

ܲ൫ܺ, ෠ܺ/ܫ൯ = ଵ
గ ∫ ∏ exp ቀ− ఓ

ସ
ூೖ
మ

(ୱ୧୬ ఏ)మ
ቁ ௞∈Ωߠ݀

గ/ଶ
଴      (15) 

 
To obtain unconditional PEP, we need to take an 
expectation of (15) with respect to ܫ௞.Using 
independency among fading coefficientsܫ௞, we write  

ܲ൫ܺ, ෠ܺ൯ = ଵ
గ
∫ ∏ ூೖܧ ቂexpቀ−ఓ

ସ
ூೖ
మ

(௦௜௡ ఏ)మ
ቁቃ௞∈Ω

గ/ଶ
଴                                                               ߠ݀

                                                                              (16)                                            
Where E (∙) is the expectation operation. If we use the 
Meijer-G function in the exponential integrand of 
(16), then the Equation becomes 

ܲ൫ܺ, ෠ܺ൯ =
1
නߨ ቈන ଴,ଵܩ

ଵ,଴ ቈ
ߤ
4

ଶܫ

(sin ଶ(ߠ |଴ି቉ ூ݂(ܫ)	݀ܫ
∞

଴
቉

|Ω|గ/ଶ

଴
 ߠ݀	

                                                                            (17)                     
We particularly examine the following cases 
 
K channel: In this case, we consider only turbulence 
fading effects i.e., I= ܫ௔.Hence the pdf of the 
irradiance for K channel is given by (3) and (17) 
takes the form of (18) by expressing the exponential 
and ݇௩(∙) integrands in terms of the Meijer-G 
function[17, eq. (14)] and using inner integral in  
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[17,eq. (21)].This exact expression is more accurate 
than that of approximate one given by [5, eq. (12)]. 

ܲ൫ܺ, ෠ܺ൯ = ଵ
గ ∫ ൥ ଶ

ഀషభ

గ௰(ఈ) ସ,ଵܩ
ଵ,ସ ቈ ସఓ

(ୱ୧୬ ఏ)మఈమ
|଴
భషഀ
మ

,			మషഀ
మ

,			଴,			భ
మ቉൩

|Ω|
ഏ
మ
଴                               ߠ݀

                                                                               (18)  
NE channel: In this case, we also consider only 
turbulence fading effects i.e., I= ܫ௔ and the pdf of NE 
channel takes the form of (19) using [14, eq. 
(2.33.1)]. An equivalent expression is also given by 
[5, eq. (7)]. 

	ܲ൫ܺ, ෠ܺ൯ = ଵ
గ
∫ ቈටగ(ୱ୧୬ ఏ)మ

ఓ
exp ቀ(ୱ୧୬ ఏ)మ

ఓ
ቁ erfc ቆට(ୱ୧୬ ఏ)మ

ఓ
ቇ቉

|Ω|ഏ
మ
଴           ߠ݀

                                                                               (19)      
PE channel: Here, we assume channel has only 
pointing error effects i.e., I=ܫ௣.The pdf for PE 
channel is obtained by substituting [17, eq. (26)] in 
(17). 

      ܲ൫ܺ, ෠ܺ൯ = ଵ
గ ∫ ቎ఊ

మ

ଶ
ଵ,ଶܩ
ଵ,ଵ ቈ ఓ஺బమ

ସ(ୱ୧୬ ఏ)మ
|
଴,ି ംమ

మ

మషംమ

మ ቉቏

|Ω|
ഏ
మ
଴                            (20)       ߠ݀

K+PE channel: In this merged case we consider 
turbulence i.e., K channel and misalignment fading 
effects. The pdf  for this channel is derived by using 
[17, eq. (21)] and simplified using [14, eq. (9.31.1)] 
in (17). 

ܲ൫ܺ , ෠ܺ൯ = ଵ
గ
∫ ቎ଶ

ഀషమఊమ

గ௰(ఈ)
ହ,ଶܩ
ଵ,ହ ൥

ସఓቀ ഀಲబ
ቁ
షమ

(ୱ୧୬ ఏ)మ
|
଴,ିം

మ

మ

మషംమ

మ ,			భషഀమ ,			మషഀమ ,			଴,			భమ൩቏

|Ω|
ഏ
మ
଴    ߠ݀

                                                                               (21) 
NE+PE channel: Finally, we consider NE channel 
with pointing errors. The pdf is obtained by using 
[17, eq. (21)] from (17). 

ܲ൫ܺ, ෠ܺ൯ = ଵ
గ ∫ ቎ ఊ

మ

ଶ√గ
ଷ,ଶܩ
ଵ,ଷ ቈ ஺బమ

(ୱ୧୬ఏ)మ
|
଴,ିം

మ

మ

మషംమ

మ
,			଴,			భ

మ቉቏

|Ω|
ഏ
మ
଴                                 (22)       ߠ݀

Lognormal channel: This channel is mainly suited for 
low fading conditions. The closed form solution for 
calculating the error performance is written as  
 

     ௘ܲ = ொିଵ
ொ
ൣ ௘ܲ,଴ ௘ܲ,ଶ + ௘ܲ,଴ ௘ܲ ,ଵ − ௘ܲ,଴ ௘ܲ,ଵ ௘ܲ,ଶ൧     (23)                                

Where ௘ܲ,଴ ≜ ݎܨ ቀఒೞ
ଷ

, ቁ,  ௘ܲߪ,0 ,ଵ ≜ ݎܨ ቀߚଵ
ఒೞ
ଷ

,  ቁߪ,0

and ௘ܲ ,ଶ ≜ ݎܨ ቀߚଶ
ఒೞ
ଷ

,  ቁ where Fr(a,0,b) is theߪ,0
Lognormal density frustration function. 
Rayleigh channel: This channel is mainly suited for 
severe fading conditions. The closed form solution 
for calculating the error performance is written as 

௘ܲ = ொିଵ
ொ
ቈ ଵ

ቀଵାഊೞయ ቁቀଵାఉమ
ഊೞ
య ቁ

+ ଵ

ቀଵାഊೞయ ቁቀଵାఉభ
ഊೞ
య ቁ
− ଵ

ቀଵାഊೞయ ቁቀଵାఉభ
ഊೞ
య ାఉమ

ഊೞ
య ቁ
቉      

                                                                               (24) 
B.BER performance 
 
PEP expressions are the basic tool for the calculation 
of upper bounds on the error probability of a coded 
communication system. For example, a union upper 
bound on the average BER assuming uniform error 
probability codes is given in [13] as 
 

    ௕ܲ(ܧ) ≤ ଵ
గ
∫ ቂଵ

௡
డ
డே
ேୀଵቃ|(ܰ,(ߠ)ܦ)ܶ

గ/ଶ
଴                                (25)        ߠ݀

 
Where ݊ the number of information bits per 
transmission, N is an indicator depends on the 
number of bits in error, ܶ((ߠ)ܦ,ܰ) is the transfer 
function associated with the state diagram of a 
particular trellis coded modulation scheme and (ߠ)ܦ 
is based on the derived PEP. Here we are considering 
convolutional code with rate 1/3 and length as 3, and 
then the transfer function for this code is [18, eq. 
(8.2.6)] 

(ܰ,(ߠ)ܦ)ܶ                     = ஽ల(ఏ)ே
ଵିଶே஽మ(ఏ)

                    (26)                                      

Substituting (26) in (25), we get 
 

                   ௕ܲ(ܧ) ≤ ଵ
గ ∫

஽ల(ఏ)ே
ଵିଶ஽మ(ఏ)

ഏ
మ
଴                               (27)                  	ߠ݀

 
The exact D(θ) formulas for different channels are 
illustrated in Table 1. 
 

 

channel (ߠ)ܦ 
K 2ఈିଵ

ସ,ଵܩ(ߙ)߁ߨ
ଵ,ସ ቈ

ߤ4
(sinߠ)ଶ ଶߙ |଴

ଵିఈ
ଶ ,			ଶିఈଶ ,			଴,			ଵଶ቉ 

NE 
ඨ
ଶ(ߠsin)ߨ

ߤ
expቆ

(sinߠ)ଶ

ߤ
ቇ ቌඨ݂ܿݎ݁

(sin ଶ(ߠ

ߤ
ቍ 

PE ߛଶ

2 ଵ,ଶܩ
ଵ,ଵ ൥

଴ଶܣߤ

4(sin ଶ(ߠ |
଴,ିఊ

మ

ଶ

ଶିఊమ
ଶ ൩ 

K+PE 
2ఈିଶߛଶ

(ߙ)߁ߨ ହ,ଶܩ
ଵ,ହ ൦

ߤ4 ቀ ଴ܣߙ
ቁ
ିଶ

(sin ଶ(ߠ |
଴,ିఊ

మ

ଶ

ଶିఊమ
ଶ ,			ଵିఈଶ ,			ଶିఈଶ ,			଴,			ଵଶ൪ 

NE+PE ߛଶ

ߨ√2
ଷ,ଶܩ
ଵ,ଷ ൥

଴ଶܣ

(sin ଶ(ߠ
|
଴,ିఊ

మ

ଶ

ଶିఊమ
ଶ ,			଴,			ଵଶ൩ 
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IV. NUMERICAL RESULTS AND DISCUSSION 
 

In this section several numerical results are provided 
to study the error performance of different fading 
channels during turbulence and/or pointing error 
effects. 

 
                Fig.1. PEP for the K and NE channel. 

 
          Fig.2. PEP assuming constant pointing error effects. 

 
     Fig.3. Upper bounds on BER for constant pointing error effects. 
 

 

           Fig.4. PEP for constant turbulence and beamwidth. 
First, we reflect on only turbulence effects. Fig. 1 
shows the error performance of K and NE channel in 
terms of SNR by considering error event of length 2 
i.e.,	|Ω|=2 and different values for channel parameter 
 increases ߙ The consequential results show that as .ߙ
the turbulence gets weak. 

Fig.2 shows the results for constant pointing 
error effects i.e., beamwidth=10 and jitter=1 in terms 
of,	ߤ,	|Ω|=2 and various values of channel parameter 
 Compare with Fig.1 we need high SNR values to .ߙ
achieve the equivalent performance.  Fig.3 shows the 
BER performance in terms of SNR by changing 
channel parameter. It is possible to achieve low BER 
targets for SNR values between 60 and 70 dB with 
the help of convolutional code of rate 1/3 and length 
of 3. 

Next, we calculate the PEP by varying jitter 
and keeping channel parameter and beamwidth as 
10.This results is shown in Fig.4.From this it is 
clearly shown that the performance degrades as the 
jitter increases. We study beamwidth variations for 
constant values of channel parameter and jitter as 3 in 
Fig.5.From this figure it is evident  that overall 
performance affected by changing values of beam 
width and jitter. 

Fig. 6 and Fig.7 shows the performance of 
4-PPM for the Lognormal and Rayleigh fading cases. 
This results shows the exact match between the 
simulation results and error probability equations in 
(23) and (24).Compared with Lognormal fading, 
Rayleigh fading is more beneficial where 
performance gain can be realized at smaller error 
rates. This is because the Rayleigh distribution is 
used for model the scenario of severe fading while 
the lognormal model corresponds to the scenario of 
less severe fading. 

 
V.CONCLUSIONS 

We have investigated the error performance for 
IM/DD Free Space Optical communication systems 
using convolution coding schemes with OOK and  
4-PPM.We have implicit symbol by symbol 
interleaved channels characterized by strong 
turbulence and/or pointing error effects. We have 
derived exact PEP expressions and calculate BER 
performance using transfer function technique 
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Numerical results have been also provided to 
illustrate the error performance for different fading                                       

            Fig.5. PEP assuming constant turbulence and jitter. 
 

 
           Fig.6. Performance of 4-PPM for Lognormal fading. 
                    

 
               Fig.7. Performance of 4-PPM for Rayleigh fading. 
 
 
channels by considering turbulence and misalignment 
fadings. It was shown that, we can attain low BER 
targets for small SNR values, by using error control 
coding. This analysis can be easily extended to 
contain other turbulence models. 
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